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SUMMARY 

Objective: 

To  study  the  effect  of  a  non-linear  gain  characteristic 
on  the  performance  of  an  otherwise  linear  position  servo- 
mechanism. 
General  Methods: 

A  physical  system  was  constructed,  but  due  to  diffi- 
culties encountered  caused  by  backlash  and  static  friction, 
this  system  could  not  be  used  to  obtain  conclusive  results. 
The  analog  computer  was  then  used  to  simulate  the  system. 
Various  types  of  gain  vs  error  c'    :teristic       then 
tested  to  determine  their  effect  on  transient  performance. 
Conclusions: 

It  has  been  proven,  theoretically  and  experimentally, 
that  a  gain  characteristic  which  gives  increased  gain  for 
increased  error  is  of  no  practical  value.   The  investigation 
indicates  that  other  types  of  non-linear  gain  variation  may 
lead  to  a  system  which  has  improved  performance  over  a 
linear  system. 
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THE  EFFECT  OF  GAIN  ON  THE  TRANSIENT  RESPONSE 
OF  A  LINEAR  POSITION  SERVOM^CHANISM 


Before  going  into  the  behavior  of  a  system  using  non- 
linear gain,  a  general  discussion  of  the  behavior  of  a  linear 
system  is  in  order.   For  simplicity,  a  second  order  linear 
system  will  be  used  to  illustrate  the  effect  of  gain  on  the 
transient  response  of  the  system.   A  block  diagram  for  this 
type  of  system  is  shown  in  Figure  I.   The  differential  eaua- 
tion  for  this  system  is: 

The  characteristic  equation  has  the  roots: 

If  the  input  to  the  system,  0^,  is  a  step  input  of  magni> 
tude  0   ,  and  the  system  is  initially  at  rest  with  0o  equal  to 
zero  at  t  equal  to  zero,  the  system  output  will  have  the  fol- 
lowing solutions: 
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The  characteristics  of  th«  system  are  seen  to  depend  on 
the  values  of  the  three  parameters  J,  F  and  K.  If  we  hold  J 
and  F  constant  and  allow  K  to  vary,  the  equations  can  be  re- 
written using  new  parameters  as  follows: 

let  g   -  CC 
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The  dimensionless  curves  in  Figure  II  show  the  various 
transient  response  curves  for  various  values  of  the  parameter 
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±L   and  the  time  constant  of  the  system,  where  one  time  con- 


stant  is: 
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Two  terms  will  be  introduced  here  to  aid  in  explaining 
the  behavior  of  the  system.   Rise  time  will  be  defined  as 
the  time  required  for  the  system  to  first  come  to  the  final 
desired  value,  regardless  of  what  happens  after  arriving  at 
this  value.   Settling  time  will  be  defined  as  the  time  for 
the  system  to  come  to  and  stay  within  some  arbitrarily  pre- 
scribed region  of  the  final  value.   For  this  discussion,  this 
region  will  be  defined  as  the  region  where  the  actual  value 
of  the  system  position  differs  from  the  final  value  by  an 
amount  of  2%   or  less. 

Examination  of  the  curves  of  Figure  II  will  show  that 
for  values  of  ~r    less  than  unity,  the  rise  time  will  be 
infinite  and  the  settling  time  will  be  fairly  long,  that  is, 
greater  than  six  time  constants.   As  the  gain  is  increased, 
-^r-  increases  and  at  ^-—  equal  to  one,  the  system  is  said  to 
be  critically  damped.   At  this  value  of  gain,  there  is  no 
overshoot,  the  rise  time  is  still  infinite  and  the  settling 
time  is  about  six  time  constants. 

As  the  gain  is  further  increased,  the  rise  time  and  the 
settling  time  both  decrease,  and  the  system  starts  to  have  an 
overshoot  before  settling  to  the  final  value.   As  the  gain 
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is  further  increased,  the  amount  of  overshoot  increases  but 
the  rise  time  decreases.   In  the  limit  as  the  gain  approaches 
infinity,  if  this  were  physically  possible,  the  overshoot  ap- 
proaches one  hundred  percent,  the  rise  time  approaches  zero 
but  the  settling  time  can  never  be  less  than  about  four  time 
constants. 

The  fact  that  the  settling  time  is  not  less  than  four 
time  constants  can  be  seen  from  the  eauation  for  the  envelope 
of  the  damped  oscillations,  which  is: 


Envelope  of  00  =  ©  /  /  ±  £  ""*  7/  i  *' / 

(3 

In  the  limit  as  ~  approaches  infinity,  this  equation 

approaches: 

©/  /  ±  e~*  do) 

which  has  a  value  of  ( I  ±-O.OZ)  G    at       cct  =  i 

In  practice,  the  large  amounts  of  overshoot  present  at 
high  values  of  gain  is  undesirable,  but  a  shorter  settling 
time  would  be  very  desirable.   The  ultimate  characteristic 
desired  in  a  servomechanism  system  would  be  that  it  have  no 
overshoot  and  a  zero  settling  time. 
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EFFECT  OF  GAIN  CHANGE  DURING  THE  TRANSIENT  PERIOD 

In  the  general  discussion  of  the  effect  of  gain  on  the 
transient  response  of  a  linear  system,  it  was  noted  that 
each  value  of  gain  had  certain  advantages  and  disadvantages 
associated  with  it.   The  low  gain  systems  have  the  advantage 
of  no  overshoot  but  they  have  the  disadvantages  of  long  rise 
and  settling  time.   The  high  gain  system  has  the  advantage  of 
shorter  rise  and  settling  times  but  has  the  disadvantage  of 
having  considerable  overshoot. 

If,  during  the  transient  period,  some  means  of  varying 
the  gain  of  the  system  could  be  achieved,  it  is  conceivable 
that  the  desirable  characteristics  of  the  low  gain  and  the 
high  gain  systems  could  be  combined  to  give  a  system  with  low 
overshoot,  yet  also  having  a  short  rise  and  settling  time. 

The  transient  response  of  such  an  improved  system  might 
be  similar  to  one  of  the  dotted  lines  shown  in  Figure  III. 
The  solici  curves  are  the  same  as  those  in  Figure  II  and  are 
shown  on  the  same  set  of  coordinates  for  comparison.   The 
transient  behavior  of  these  non-linear  response  curves  are 
such  that  they  combine  the  rapid  acceleration  toward  the 
new  position  of  a  high  gain  system,  then  damp  out  rapidly 
when  they  approach  the  final  value,  which  is  characteristic 
of  the  low  gain  system. 


-a- 


1           °\ 

1 

\  1 

/     ^X 

*0 


^    /        ; 

\      J 

(            / 

S       \ 

°  f 

vs  ( 

V                      1  > 

\ 
\ 

x. 

^"^■^ 

* 


^ 


N> 


^J 


M*o 


§ 


§ 


c; 


D//7?tns/or?/ess  Output  fhs/t/on 
F/gure  HI 


_Q_ 


CHOICE  OF  NON-LINEAR  GAIN  CHARACTERISTICS 

Any  amplifier  that  has  an  output  which  is  not  directly 
proportional  to  the  input  is  considered  to  be  a  non-linear 
amplifier.   One  of  the  most  common  types  of  non-linear  gain 
in  an  amplifier  is  that  caused  by  saturation  of  the  ampli- 
fier.  In  this  case,  the  gain  is  essentially  constant  over 
a  certain  range  of  input  values,  but  drops  off  appreciably 
as  the  input  increases  beyond  a  certain  limit.   If  this  type 
of  amplifier  were  used,  the  maximum  velocity  of  the  system 
would  be  limited  to  some  value  determined  bj  the  volta  e 
input  to  the  amplifier  which  caused  the  amplifier  to  be 
overloaded. 

This  characteristic  is  immediately  apparent  as  being 
not  desirable  because  we  desire  the  system  to  attain  a  very 
high  velocity  while  it  is  in  transient  from  the  original 
position  to  its  n«w  position,  in  order  to  reduce  the  rise 
time  of  the  system.   This  desire  to  obtain  rapid  accelera- 
tion to  a  high  velocity  as  soon  as  the  error  is  applied  in- 
dicates that  the  system  should  have  a  high  gain  at  the  in- 
stant that  the  step  input  of  displacement  is  applied  to  the 
system. 

To  satisfy  the  condition  that  the  system  ha-'e  very  lit- 
tle overshoot  would  indicate  that  the  system  should  have  low 
gain,  particularly  when  the  error  signal  has  been  reduced  to 
near  zero  by  the  system  coming  into  correspondence  with  the 
command  signal. 
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The  above  considerations  lead  to  the  conclusion  that 
the  gain  of  the  system  must  be  high  when  the  error  signal 
is  first  applied  and  that  the  gain  must  reduce  as  the  sys- 
tem comes  into  correspondence.   Thus,  the  gain  of  the  non- 
linear amplifier  must  be  large  for  large  signals  and  small 
for  small  signals. 

.  The  limits  for  the  gain  variation  will  have  values  which 
depend  on  the  type  of  system  performance  desired.   It  is 
known  that  minimum  overshoot  is  one  of  the  prime  objectives 
of  the  system.   This  fact  would  indicate  that  the  system 
gain  should  be  in  the  vicinity  of  critical  damping,  because 
higher  gains  result  in  damped  oscillations,  with  their  ac- 
companying overshoot. 

If  the  minimum  gain  of  the  amplifier  is  set  at  the  value 
giving  the  system  critical  damping,  the  system  will  have  over- 
shoot before  coming  to  rest  because  of  the  high  velocity  ac- 
quired by  the  system  when  the  gain  of  the  amplifier  is  high 
to  give  the  acceleration  desired  when  the  error  is  first  ap- 
plied.  It  has  now  been  decided  that  the  system  should  have  a 
non-linear  gain  wiich  has  a  value  at  or  slightly  below  the 
value  needed  for  critical  damping  for  small  error  signals  and 
which  increases  to  some  higher  value,  limited,  perhaps,  only 
by  the  maximum  amount  of  acceleration  that  the  physical  sys- 
tem can  withstand,  for  large  error  signals. 

The  manner  in  which  the  gain  changes  between  these  limits 
has  not  been  decided.   There  are  any  number  of  possible  shapes 
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for  the  gain  curve  which  has  a  certain  minimum  value  and  in- 
creases as  the  signal  increases.   The  only  feature  known 
about  this  curve  is  that  is  should  rise  continuously  from  a 
value  which  is  small  at  small  error  signals  to  some  larger 
value . 

The  basic  physical  concept  is  that  of  changing  the  gain 
so  that  the  net  transient  response  is  the  addition  of  sections 
of  the  transient  responses  for  various  fixed  gains.   For  ex- 
ample, Figure  IV  shows  the  transient  response  for  a  linear 
system  for  three  values  of  gain,  A,  B,  and  C,   The  non-linear 
system  would  operate  at  gain  A  for  large  errors  and  thus  the 
first  section  of  the  response  curve  would  lie  on  the  linear 
response  curve  for  gain  A  as  shown. 

When  the  error  decreases  to  some  value  fz    ,  the  gain  is 
changed  from  A  to  B  and  the  next  section  of  the  response  curve 
for  the  non-linear  gain  corresponds  approximately  to  that  of 
the  corresponding  section  for  the  linear  system  of  a  gain  B. 
A  similar  change  is  made  when  the  error  decreases  to  £,   , 
shifting  to  linear  gain  C.   The  result  is  the  non-linear  re- 
sponse curve  D.   It  should  be  noted  that  this  physical  analy- 
sis is  not  completely  correct,  since  the  velocity  of  the  sys- 
tem at  the  instant  of  gain  change  is  not  the  same  as  would  have 
existed  if  the  lower  gain  had  been  used  for  the  entire  preced- 
ing time  interval. 

The  three  basic  shapes  of  gain  versus  signal  amplitude 
are  the  straight  line,  a  curve  concave  upward  or  a  curve 
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concave  downward.   An  attempt  to  ascertain  the  effect  of  the 
shape  of  the  gain  curve  will  be  made  when  the  system  is  in- 
vestigated experimentally  and  transient  response  curves  are 
obtained. 

The  low  value  of  gain  required  for  small  error  signals 
has  disadvantages  not  heretofore  mentioned.   These  disad- 
vantages are  the  large  velocity  lag  error  and  the  steady 
state  error  in  the  presence  of  load  torcues.   The  velocity 
lag  error  is  the  displacement  error  between  the  position  of 
the  command  signal  and  the  system  output  when  the  command 
signal  is  one  which  has  a  constant  velocity.   .'hen  the  system 
has  reached  steady  state,  the  output  velocity  will  be  the 
same  as  the  input  velocity,  but  there  will  be  a  difference  in 
their  instantaneous  positions  because  for  each  value  of  steady 
state  velocity,  there  must  be  a  control  voltage  applied  to 
the  drive  motor,  and  this  control  voltage  will  exist  only  if 
there  is  an  error  signal  caused  by  a  difference  in  the  posi- 
tions of  the  input  and  the  output  signals.   In  a  system  with 
high  gain,  the  velocity  lag  error  is  relatively  small,  because 
the  control  volt a;  e  applied  to  the  motor  is  large  for  small 
error,  but  as  the  gain  is  decreased,  the  error  must  increase 
to  give  the  same  control  voltage  to  the  motor. 

If  a  load  torque  is  applied  to  the  system,  this  toroue 
will  tend  to  rotate  the  system  output.   The  system  will  come 
to  rest  only  when  the  motor  exerts  a  toroue  which  is  eoual  in 
magnitude  and  opposite  in  direction  to  the  toraue  applied  by 
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the  load.   The  steady  state  (at  rest)  toroue  of  the  motor  is 
directly  proportional  to  the  voltage  applied  to  the  control 
winding,  and  consequently  proportional  to  the  error  between 
the  command  signal  and  the  system  output.   Here  again,  the 
error  will  be  larger  in  systems  having  low  gain  than  it  would 
be  in  a  system  having  high  gain. 

To  allow  higher  gain  in  the  system  for  the  same  amount 
of  relative  damping,  the  viscous  friction  of  the  system  can 
be  increased,  thus  maintaining  the  same  value  for  the  ratio 
of  I—-    .   The  same  effect  as  adding  viscous  friction  can  also 
be  achieved  by  the  use  of  derivative  damping.   This  increase 
in  damping  has  two  good  effects.   One  is  that  it  allows 
higher  system  gain  for  the  same  -^  ratio,  thus  reducing  the 
velocity  lag  error  and  load  torque  error.   The  other  is  that 
the  value  of  <xl   and  (3    each  increase,  reducing  the  system  time 
constant.   This  reduction  in  the  system  time  constant  means 
that  the  system  will  come  into  correspondence  faster,  even 
though  it  requires  the  same  number  of  time  constants  as  it 
did  for  the  smaller  values  of  oc  and  /3     . 
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PROPOSED  SYST 

The  function  of  a  position  servomech»nism  is  to  control 
some  device  such  that  the  position  of  this  device  will  be 
the  same  as  thatfc  dictated  at  the  command  station.   The  device 
to  be  controlled  can  be  almost  anything  conceivable  but  will, 
in  general,  impose  some  load  on  the  controlling  servomechanism, 
In  this  theses,  the  load  will  be  assumed  to  consist  of  inertia 
and  viscous  friction,  designated  respectively  as  J-q  and  F^. 

The  block  diagram  of  the  proposed  system  for  investiga- 
tion is  shown  in  Figure  V.   The  position  that  is  dictated  by 
the  command  station  is  shown  on  the  block  diagram  as  Q±.      The 
actual  position  of  the  load  is  designated  as  60.   The  other 
functions  to  be  performed  to  make  the  system  complete  are 
those  of  the  error  detector,  derivative  damper,  non-linear 
amplifier  and  the  motor. 

The  function  of  the  error  detector  is  to  measure  the 
position  of  the  load  and  compare  this  position  with  that  dic- 
tated by  the  command  station,  and  to  provide  a  signal  which 
is  a  function  of  the  difference  between  the  actual  position 
and  the  command  position.   The  signal  is  then  fed  to  the  de- 
rivative damper,  which  changes  the  signal  from  a  function  of 
the  positions  only,  to  one  which  is  also  a  function  of  the 
derivative  of  the  positions,  or  to  the  velocities.   The  result 
of  this  damper  is  to  increase  the  coefficient  of  the  velocity 
term  in  the  system  eouation,  thus  increasing  the  damping  con- 
stant, <tC  ,  for  the  system. 
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An  amplifier  is  added  to  the  system  to  change  the  power 
level  from  the  error  detector,  or  derivative  damper,  if  used, 
to  a  higher  power  level.   The  power  output  from  the  error 
detector  is  usually  ouite  small,  on  the  order  of  a  few  watts 
or  less,  while  the  power  reouired  o  position  the  load  may 
be  several  hundred  horsepower.   Such  large  power  is  not  con- 
templated in  this  investigation,  but  a  power  level  increase 
will  be  needed.   The  amplifier  commonly  used  is  linear,  that 
is,  it  produces  a  powtr  output  which  is  considerably  larger 
than  the  power  input,  but  is  directly  proportional  to  it. 
Since  the  center  of  this  investigation  is  the  effect  of  non- 
linear gain,  the  amplifier  will  be  non-linear. 

The  motor  is  necessary  to  convert  the  electrical  power 
output  of  the  amplifier  to  mechanical  for  positioning  the 
load. 
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CHOICE  CF 

The  functions  of  the  various  components  of  a  servo  sys- 
tem are  fairly  well  defined  but  there  are  numerous  ways  and 
means  to  accomplish  these  functions.   The  most  apparent  dif- 
ference in  components  is  the  fact  that  some  are  applicable 
only  to  systems  which  use  an  a.c.  voltage  as  an  indication 
of  the  system  error,  others  are  applicable  only  to  systems 
which  use  a  d.c.  voltage  as  the  indication  of  error,  and  still 
others  can  be  used  in  either  type  of  system.   The  selection 
of  which  actual  components  will  be  chosen  to  perform  the 
various  functions  depends  upon  many  factors,  among  others, 
power  supply  voltages  available,  power  handling  reouirements, 
physical  size,  inertia  and  friction  effects,  and  relative 
ability  to  perform  the  function  necessary.   The  following 
discussion  deals  with  the  reasons  for  selecting  or  not  se- 
lecting  certain  components  used  in  the  system  which  was 
built  for  investigation. 

Since  the  effect  of  non-linear  gain  is  the  center  of 
the  investigation,  the  non-linear  amplifier  was  the  first 
component  to  be  selected,  then  the  rest  of  the  system  was 
built  up  around  it.   When  it  was  decided  that  the  amplifier 
should  have  the  characteristic  that  the  gain  increases  with 
increasing  error  signal,  the  circuit  commonly  known  as  a 
volume  expander  was  first  considered.   This  circuit  recti- 
fies a  portion  of  the  a.c.  signal  and  uses  this  rectified 
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voltage  as  a  variable  bias  to  the  grid  of  a  variable  mu 
vacuum  tube.   Examination  of  this  circuit  showed  that  it  had 
several  undesirable  properties.   First,  the'  application  of 
the  bias  volt a; e  to  the  grid  of  the  amplifier  stage  intro- 
duces a  transient  into  the  signal  circuit  known  as  thump. 
This  thump  can  be  minimized  by  proper  circuit  design  but  is 
an  objectionable  feature.   The  second  property  is  that  the 
action  of  the  variable  gain  is  not  instantaneous.   This  means 
that  the  gain  is  not  only  a  function  of  the  amplitude  of  the 
signal  but  also  of  the  rate  of  change  on  the  signal  amplitude, 
This  fact  in  itself  may  not  be  objectionable,  but  the  fact 
that  the  relationship  between  gain  and  rate  of  change  of 
signal  amplitude  is  not  the  same  for  increasing  signals  as 
it  is  for  decreasing  signals  is  objectionable.   The  third, 
and  probably  most  important  feature  is  that  there  is  very 
little  control  of  the  shape  of  the  gain  vs  signal  amplitude 
characteristics  of  the  amplifier. 

The  next  method  considered  for  producing  a  circuit  that 
would  increase  gain  with  increased  signal  amplitude  was  the 
use  of  diodes  in  a  limiter  circuit.   This  circuit  uses  diodes 
to  shunt  out  certain  resistors  in  a  voltage  divider  networ  , 
thereby  changing  the  portion  of  the  input  that  is  available 
at  the  outpu;  terminals.   This  circuit  is  applicable  pri- 
marily to  the  d.c.  eiror  voltage  type  of  electrical  system. 
This  limiter  circuit  can  be  adjusted  over  a  very  wide  range 
of  operating  characteristics  and  has  no  time  lag  as  has  the 


-20- 


volume  expander  circuit  mentioned  above.   The  limiter  was 
chosen  for  use  in  this  thesis  because  of  th.se  characteris- 
tics.  A  diagram  of  the  circuit  is  shown  in  Figure  IX.   A 
more  detailed  description  of  this  circuit  will  be  found  in 
Appendix  A. 

This  circuit  could  be  used  in  an  a.c.  system,  but  it 
would  introduce  considerable  third  and  higher  odd  order  har- 
nics  into  the  carrier  voltage  wave.   The  a.c.  motor  would 
respond  primarily  to  the  amplitude  of  the  fundamental  com- 
ponent of  the  carrier  and  the  value  of  this  would  vary  with 
the  amount  of  non-linearity  and  cannot  be  readily  determined 
for  analysis.   For  this  reason,  it  was  decided  that  the  error 
channel  should  be  d.c. 

The  next  component  considered  was  the  error  detector. 
Since  the  non-linear  circuit  was  to  operate  with  a  d.c.  sig- 
nal, a  potentiometer  was  chosen  to  provide  this  signal.   The 
voltage  applied  to  the  potentiometers  was  twelve  volts,  to 
prevent  overloading  and  burning  out  the  potentiometers.   This 
provided  a  maximum  error  signal  of  about  6  volts,  but  the  ac- 
tual amplitude  based  on  the  amount  of  travel  of  the  slider 
was  on  the  order  of  one  volt. 

The  non-linear  circuit  was  designed  for  a  signal  level 
of  about  ten  volts  input,  so  a  d.c.  amplifier  was  built  and 
inserted  between  the  error  detector  and  the  non-linear  circuit 
This  circuit  is  shown  in  Figure  VIII,  and  is  further  described 
in  Appendix  A. 
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A  drive  motor  was  needed,  and  since  the  system  has  been 
designed  to  use  a  d.c.  error  signal  up  to  this  point,  it  was 
decided  to  carry  this  throughout  the  system.   A  separately 
excited,  one  cmarter  horsepower,  250  volt  d.c.  motor  was  in- 
stalled. 

Since  considerable  power  was  required  to  drive  this  mo- 
tor, a  General  Electric  Model  5AM45DB11A,  250  volt,  one  ampere 
amplidyne  generator  was  used  as  the  source  of  power.   The 
split  fields  of  the  amplidyne  were  excited  from  two  6L6  vacuum 
tubes  in  push  pull,  the  current  in  the  fields  bucking  each 
other  so  that  there  was  no  net  excitation  when  the  currents 
in  the  tubes  were  the  same. 

This  completed  the  original  selection  of  components  and 
preliminary  tests  were  made  on  the  complete  system.   These 
tests  showed  that  this  system  would  not  be  satisfactory  for 
obtaining  results  as  to  the  effect  of  the  non-linear  gain. 
The  numerous  time  constants  encountered  in  the  amplidyne  and 
motor  circuits  increased  the  order  of  the  system  from  a  second 
order  system,  described  earlier,  to  about  a  fourth  or  fifth 
order  system.   Systems  of  this  type  are  generally  unstable  at 
even  moderate  gains,  unless  special  precautions  are  taken  to 
adequately  compensate  for  the  large  phase  shift  through  the 
system.   When  the  gain  was  reduced  sufficiently  to  prevent 
instability  in  the  system,  the  static  friction  of  the  motor, 
being  primarily  in  the  brushes,  was  of  such  large  magnitude 
compared  to  the  viscous  friction  that  the  system  would  not 
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follow  the  command  signal.   This  inability  to  follow  the  com- 
mand signal  rendered  the  system  useless  for  test  purposes. 

The  next  step  in  the  construction  of  the  system  was  to 
find  a  motor  that  had  very  little  static  friction.   No  suit- 
able d.c.  motor  could  be  found,  so  the  possibility  of  using 
a  two  phase  a.c.  motor  was  investigated.   A  two  phase  motor, 
particularly  one  in  which  the  rotor  is  mounted  on  ball  bear- 
ings, has  very  little  static  friction  due  to  the  absence  of 
brushes  or  other  sliding  oontacts.   A  Diehl  Model  FPE-49-13-1, 
ten  watt,  115  volt,  400  cycle  two  phase  motor  was  chosen  for 
the  job  because  of  its  relatively  linear  operating  charac- 
teristics.  The  main  field  of  this  motor  was  supplied  di- 
rectly from  the  115  volt,  400  cycle  supply  available  in  the 
laboratory.   Since  the  error  signal  was  a  d.c.  signal,  and 
the  non-linear  circuit  was  designed  to  be  used  on  d.c,  it 
was  necessary  to  provide  a  means  of  changing  the  d.c.  error 
signal  to  a  400  cycle  error  signal  for  application  to  the 
control  field  of  the  servo  motor.   The  recuirements  that  must 
be  met  by  such  a  device  are  that  the  amplitude  of  the  400 
cycle  signal  must  be  in  proportion  to  the  magnitude  of  the 
d.c.  signal  and  there  must  be  a  1B0  degree  phase  shift  of 
the  400  cycle  signal  when  the  d.c.  signal  changes  from  plus 
to  minus.   This  last  requirement  is  necessary  in  order  that 
the  motor  will  reverse  when  the  error  reverses. 

There  are  at  least  two  possible  methods  for  accomplish- 
ing this.   The  first  method  of  doing  this  is  to  apply  the  d.c. 
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error  signal  to  the  field  of  a  400  cycle  alternator,  running 
at  synchronous  speed  and  properly  phased  with  the  voltage 
applied  to  the  main  field  of  the  motor.   The  voltage  applied 
by  the  alternator  to  the  control  field  is  properly  phased  if 
it  leads  the  main  field  voltage  by  90  degrees  for  a  given  ' 
polarity  of  the  error  signal  and  if  it  lags  by  90  degrees 
for  tho  opposite  polarity  of  the  error  signal.   This  method 
was  considered  impractical  because  of  the  cost  of  construc- 
tion and  the  relatively  large  physical  size  of  the  converter. 
The  inductance  in  the  field  of  the  alternator  would  also  add 
an  extra  time  constant  to  the  system,  which  is  considered 
undesirable . 

A  second  method  of  accomplishing  the  same  result  is  to 
use  a  device  known  as  a  chopper.   This  device  was  the  one 
actually  used  and  the  circuit  is  shown  in  Figure  X.   The 
principle  of  operation  is  that  the  vibrator  contact  vibrates 
at  a  freouency  which  is  the  same  as  the  freouency  applied  to 
the  vibrator  coil.   This  vibrating  contact  connects  first 
one  end  of  the  primary  of  the  transformer  to  the  input  termi- 
nal a,  then  the  other  end  of  the  transformer  is  connected  to 
the  same  terminal,  the  center  tap  of  the  primary  being  con- 
nected to  the  other  input  terminal  b.   This  action  reverses 
the  flux  through  the  core  of  the  transformer  and  results  in 
a  voltage  at  the  output  terminal  which  has  the  same  frequency 
as  that  of  the  vibrating  contactor.   The  output  is  essentially 
a  souare  wave  if  a  high  ouality  transformer  is  used.   In  the 
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circuit  constructed,  a  Stevens-Arnold  type  268  chopper  and  si 
United  Transformer  Corporation  type  A-26  transformer  were 
used.   It  is  realized  that  this  circuit  also  introduces  har- 
monics into  the  400  cycle  carrier,  but  the  fundamental  con- 
tent is  proportional  to  the  d.c.  input,  and  is  not  affected 
by  the  amount  of  non-linearity  in  the  circuit.   This  400  cycle 
voltage  was  then  fed  through  an  electronic  power  amplifier  to 
obtain  sufficient  power  to  the  control  field  of  the  motor. 

A  means  of  controlling  the  phase  relationship  of  the 
voltage  applied  to  the  control  field,  with  respect  to  the 
voltage  applied  to  the  main  field  of  the  motor,  was  required. 
A  resistance-capacitance  network  can  be  used  in  the  signal 
circuit  but,  unless  great  care  is  taken  in  choosing  com- 
ponents with  high  accuracy,  the  network  will  have  different 
insertion  losses  for  different  phase  shift  settings.   Another 
method  to  accomplish  this  phase  shift  control  is  to  control 
the  phase  of  the  voltage  applied  to  the  vibrator  coil  in  the 
chopper. 

To  accomplish  this  phase  shift  control  in  the  vibrator 
circuit,  three  phase,  115  volt,  400  cycle  voltage,  obtained 
from  a  Scott  connected  transformer  which  received  excitation 
from  the  two  phase  supply  in  the  laboratory,  was  applied  to 
the  three  phase  winding  on  the  stator  of  a  synchro  generator, 
as  shown  in  Figure  XIII.   The  rotor  output  has  a  magnitude 
which  is  independent  of  the  angular  position  of  the  rotor, 
but  the  phase  relationship  of  the  rotor  voltage  can  be  con- 
tinuously varied  through  360  degrees  by  rotating  the  rotor 
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of  the  synchro  generator.   This  rotor  output  was  fed  through 
a  step-down  transformer  to  supply  the  necessary  six  volts  to 
the  vibrator  coil  and  the  phase  relationship  varied  by  rotat- 
ing the  position  of  the  rotor  of  the  synchro  generator. 

The  system  then  consisted  of  the  following  components: 
a  d.c.  potentiometer  error  detector,  a  d.c.  amplifier,  the 
non-linear  circuit,  a  chopper,  an  a.c.  power  amplifier,  and 
the  two  phase  motor. 

Tests  on  this  system  showed  improvement  over  the  system 
using  the  d.c.  motor  in  regards  to  static  friction,  however 
some  static  friction  was  still  present.   At  gains  in  the  re- 
gion where  the  system  was  underdamped,  the  effect  of  this 
static  friction  was  not  too  apparent,  but  as  the  gain  was  re- 
duced into  the  overdamped  region,  the  effect  became  very 
noticeable.   A  further  reduction  in  the  static  friction  was 
indicated  as  being  necessary.   Investigation  of  the  system 
showed  that  the  greatest  friction  was  in  the  slider  of  the 
potentiometer  error  detector. 

The  chopper  circuit  previously  discussed  for  converting 
a  d.c.  error  signal  to  an  a.c.  error  signal  is  also  suitable 
for  converting  an  a.c.  signal  to  a  d.c.  signal  if  the  input 
terminals  and  the  output  terminals  are  interchanged,  and  a 
small  filter  added  to  reduce  the  ripple  in  the  d.c.  signal. 
This  feature  of  the  chopper  made  the  use  of  an  a.c,  synchro 
error  detector  possible,  still  maintaining  a  d.c.  error  sig- 
nal through  the  non-linear  circuit.   Two  Pioneer  type  AY-201- 
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3-B,  26  volt,  ZfOO  cycle  synchros   1   used  for  the  error  de- 
tector.  The  friction  in  tj     units  was  far  less  than  the 
friction  in  the  potentiometers  previously  used. 

To  further  minimize  the  effect  of  th;  static  friction, 
additional  viscous  friction  v  ]ded,  permitting  hi -her  rain 

for  the  same  amount  0?   relative  damping.   This  higher  gain 
reduced  the  steady  state  error  of  the  system,  but  due  to 
power  handling  limitations  of  the  motor  and  power  amplifier, 
a  sufficient  amount  of  gain  and  viscous  friction  to  make  the 
effect  of  static  friction  negligible  could  not  be  attained. 
The  viscous  damping  was  provided  by  gearing  an  induction  mo- 
tor to  the  drive  motor,  the  fields  of  the  induction  motor  be- 
ing excited  by  direct  cur- rent .   An  induction  motor  so  excited 
produces  a  retarding  torque  which  is  very  nearly  proportion 
to  the  velocity  of  the  rotor,  and  conseouently  to  ^r°. 

The  final  selection  of  components  resulted  in  a  system 
which  consisted  of  a  synchro  error  detector,  a  chopper  for 
converting  the  a.c.  error  signal  to  a  d.c.  error  signal,  a 
linear  d.c.  amplifier,  a  chopper  to  convert  the  d.c.  error 
signal  buck  to  an  a.c.  -rror  signal,  an  a.c.  1  elifier  and  a 
two  phase  motor,  whose  load  was  the  viscous  friction  supplied 
by  the  induction  motor  with  d.c.  in  the  field  windings  anc1  the 
combined  inertias  of  the  motors,  gears  and  error  detector. 
The  derivative  damper  mentioned  in  the  proposed  system  was  not 
used  because  variable  damping  was  available  by  varying  the 
amount  of  d.c.  in  the  winding  of  the  induction  motor.   The 
block  diagram  for  this  system  is  shown  in  Figure  VI,  with  cir- 
cuit diagrams  of  the  various  components  shown  in  Figures  VII 
through  XIII. 
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SAMPLES  OF  EX     ENTAL  D 
THE  PHYSICAL  SYST 


Two  sample  curves  taken  on  the  physical  system  con- 
structed for  use  in  this  thesis  are  shown  in  Figures  XIV  and 
XV,  which  were  taken  with  the  system  operating  with  line 
gain.   The  purpose  of  taking  curves  of  the  system  response 
using  linear  gain  was  to  establish  a  reference  of  compari- 
son to  show  the  effect  of  non-linear  gain.   Figure  XIV  was 
taken  with  the  linear  gain  adjusted  to  give  a  system  which  was 
slightly  overdamped.   The  value  of  the  command  signal  is  in- 
dicated on  this  curve  to  show  steady  state  error  of  the  sys- 
tem in  the  presence  of  static  friction.   The  initial  jump 
in  the  transient  response  curve  was  probably  caused  by  back- 
h  in  the  gears. 

Figure  XV  was  taken  with  the  system  adjusted  to  give  a 
slightly  underdamped  system.   Again,  the  effect  of  backlash 
in  the  gearing  can  be  noted.   The  system  has  very  little 
steady  state  error  due  to  the  higher  gain  used,  but  the  dis- 
tortion or  flattening  of  the  overshoot  peak  was  apparently 
caused  by  the  system  sticking  when  it  came  to  rest,  then 
finally  coming  back  to  the  desired  value. 

Transient  response  curves  were  made  using  various  types 
of  non-linear  gain  characteristics  and  some  effect  was  noted, 
but  the  distortion  of  the  linear  transient  response  curves 
was  of  such  a  magnitude  that  it  was  very  difficult  to  dif- 
ferentiate between  the  effects  of  the  non-linear  gain  and 
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the  distortion  caused  by  the  static  friction  and  backlash. 
It  was  felt  that  any  results  obtained  from  such  data  would 
be  inconclusive  so  this  method  of  investigating  the  effect 
of  non-linear  gain  was  not  pursued  any  further.   The  use  of 
the  analog  computer  was  felt  to  be  the  best  approach  to  the 
solution. 
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Figure  XIV 

Transient  Response  of  Physical  System 
Overdamped 
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USE  OF  TH     .LOG  COMPUTER 

When  it  was  found  that  no  accurate  conclusions  could  be 
made  from  the  transient  curves  obtained  from  the  actual  sys- 
tem set  upffor  investigation,  it  was  decided  that  the  analog 
computer  could  be  used  to  study  the  effect  of  non-linear  gain 
on  the  performance  of  a  servo  system,  without  encountering 
the  difficulties  and  inaccuracies  encountered  in  the  actual 
system  built  up. 

It  was  desired  that  the  system  studied  on  the  analog 
computer  should  be  a  system  similar  to  the  one  actually  con- 
structed, so  a  freouency  response  run  was  made  on  the  actual 
system.   From  the  freouency  response  data,  the  transfer  func- 
tion of  the  system  was  found  and  the  curves  for  this  transfer 
function  are  shown  in  Figure  XVI.   The  fact  that  the  phase 
shift  of  the  system  is  between  minus  ninety  and  minus  l£0 
degrees  indicates  that  the  system  is  a  second  order  system. 
The  angular  freouency  at  which  the  asymptote  for  the  response 
curve  changes  from  minus  six  decibels  per  octave  to  minus 
twelve  decibels  per  octave  is  7.6  radians  per  second  and  the 
intercept  of  the  minus  six  decibel  per  octave  line  with  the 
zero  decibel  line  is  at  15.7  radians  per  second.   These 
values  give  the  transfer  function  equation: 
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(11) 
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Analysis  of  a  second  order  servo  system  shows  that  the  trans- 
fer function  of  the  system  is: 

Oo   _   t 


**>(£*«'■")  (12) 


K     T 
Thus  the  values  f  or -%- anc%are  known,  and  are: 

J  -  ^7        jr  =    a  131 

To  set  a  problem  up  on  the  analog  computer,  the  dif- 
ferential eouation  of  the  system  must  be  known.   The  dif- 
ferential equation  eouation  of  the  second  order  servo  system 
is: 

JtZ  */*  (1) 

Rearranging  to  a  more  convenient  form  for  use  in  the  computer 
we  get: 

Jt*    '    cr^i-e0)     j.   Jt  (13) 

Since  t?  and  J  are  to  remain  constant  in  the  actual  system, 

while  K  is  to  be  a  variable,  the  value  of—  can  be  substi- 

J 

tuted,    giving: 

^j3?  -  -Qcoc-aj-zs  — 


c/t 


~Kvc    u,      *.     — *  (u) 


The  computer  circuit  corresponding  to  this  eouation,  in- 
cluding the  effect  of  the  non-linear  amplifier,  is  shown  in 
Figure  XVII.   The  potentiometer  marked  Kf  was  set  to  give  the 
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value  of-y  of  7.6,  while  the  potentiometer  marked  Kg  was  ad- 
justed to  give  the  desired  value  forJL.   The  insertion  of  the 

J 

non-linear  circuit,  as  shown,  made  the  circuit  applicable  to 
a  system  with  non-linear  gain.   With  the  non-linear  circuit 
in  use,  the  setting  on  the  potentiometer  Kg  determined  the 
system  gain  at  zero  system  error,  and  the  non-linear  circuit 
then  increased  the  gain  for  increasing  values  of  error  in  a 
manner  which  depends  on  the  settings  in  the  non-linear  cir- 
cuit.  To  find  the  shape  of  the  non-linear  characteristic 
it  is  only  necessary  to  calculate  the  gain  of  the  non-linear 
circuit  and  multiply  by  the  linear  gain  of  the  remainder  of 
the  circuit  determined  by  the  setting  of  potentiometer  Kg. 
The  method  used  to  compute  the  characteristic  of  the  non-lin- 
ear circuit  is  to  be  found  in  Appendix  A. 
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SAMPLES  OF     RIMENTAL  D 
FROk  THE  ANALOG  C(   '  CER 


The  first  information  obtained  from  the  analog  computer 

was  a  series  of  transient  response  curves  for  linear  gain  to 

give  a  set  of  values  as  the  basis  of  comparison  to  evaluate 

the  performance  of  the  system  when  non-linear  gain  was  used. 

In  all  cases  throughout  this  investigation,  the  value  of  £=■ 

J 

was  set  at  7.6  and  held  constant.   This  value  of  ^  gave  a 
system  time  constant  of  O.263  seconds.   The  values  that  were 
of  particular  interest  in  establishing  a  basis  of  comparison 
were  rise  time,  settling  time,  and  percent  overshoot.   Figure 
XVIII  shows  a  transient  response  curve  for  the  system  when 

IT 

±y  was  set  at  100.   The  abscissa  of  the  curve  is  time  and  the 
ordinate  is  percent  of  final  value,  and  the  scale  factors 
are  such  that  each  division  of  time  represents  0.2  seconds 
and  each  large  division  of  the  ordinate  is  twenty  percent 
(each  sub-division  represents  four  percent)  of  the  final 
v^lue.   The  value  of  abscissa  or  ordinate,  as  appropriate, 
which  indicate  the  value  of  the  rise  time,  settling  time  and 
percent  overshoot  are  indicated  on  the  curve. 

A  transient  curve  for  the  system  with  linear  gain  such 
that  the  system  is  overdamped,   ^  ^s  e^u&l  to  10  >  is  shown 
in  Figure  XIX.   There  is  no  overshoot  on  this  curve  and  the 
rise  time  is  infinite,  so  the  value  of  settling  time  is  the 
only  value  of  significance  to  be  obtained  from  the  curve. 
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Tabulated  values  of  rise  time,  settling  time  and  percent 

overshoot  are  given  in  Figure  XXVIII,  Appendix  B,  and  curves 

K      fi 

of  these  values  versus  -j   and  ^r*  are  shown  in  Figures  XXIX, 

XXXI  and  XXX  respectively. 

A  typical  gain  vs  system  error  and  the  resulting  tran- 
sient response  curve  is  shown  in  Figure  XX.   Additional  curves 
of  gain  vs  error  characteristics  and  associated  transient  re- 
sponse curves  are  shown  Figures  XXXII  through  XLII ,  Appendix 
•    B.   The  value  of  9^  used  when  obtaining  the  transient  re- 
sponse is  indicated  on  the  appropriate  figure. 
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ANALYSIS  OF  DATA 

The  results  of  the  tests  made  on  the  computer  for  the 
system  operating  with  linear  gain  are  in  agreement  with  that 
predicted  from  the  theoretical  discussion  earlier,  with  the 
exception  that  the  optimum  settling  time  of  the  system  occurs 
when  the  gain  is  slightly  in  excess  of  that  needed  for  a 
critically  damped  system.   This  can  be  explained  by  the  fact 
that  at  this  value  of  gain,  the  system  is  slightly  underdamped 
but  the  overshoot  at  this  gain  is  less  th^n  two  percent,  thus 
reducing  the  settling  time  to  a  value  which  is  slightly  less 
than  the  rise  time  of  the  system  under  the  same  conditions. 
The  results  of  the  system  opera  ing  with  linear  gain  were 
taken  to  be  used  as  a  basis  of  comparison  for  determining 
the  effect  of  non-linear  gain  on  the  system. 

When  the  system  was  operated  with  non-linear  gain  char- 
acteristics, it  was  found  that  the  transient  response  of  the 
system  could  be  improved  providing  certain  conditions  were 
simultaneously  met.   These  conditions  will  be  set  forth  later. 

In  studying  non-linear  gain  conditions,  the  first  runs 
were  made  with  the  gain  for  zero  error  set  at  a  value  greater 
than  that  necessary  for  critical  damping  to  verify  or  dis- 
prove the  prediction  that  no  appreciable  improvement  could  be 
made  with  a  non-linear  gain  characteristic  such  that  the  gain 
was  at  all  times  greater  than  that  necessary  for  critical  damp- 
ing.  This  prediction  was  found  to  be  true.   Figures  XXXII, 
XXXIII  and  XXXIV  show  some  gain  vs  error  characteristics  and 
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the  transient  response  obtained  when  using  that  characteris- 
tic for  the  system  with  the  gain  at  zero  error  adjusted  to  be 
greater  than  that  needed  for  critical  damping  in  a  linear  sys- 
tem.  There  is  no  appreciable  improvement  in  the  settling  time, 
and  the  overshoot  and  rise  time  are  such  that  they  corres- 
pond very  nearly  to  that  obtained  when  the  linear  system  gain 
was  adjusted  to  some  mean  value  within  the  limits  of  the  non- 
linear characteristic.   The  overshoot  and  rise  time  of  Figure 
XXXII  is  the  same  as  that  obtained  on  a  linear  system  having 
^  equal  to  2.3,  Figure  XXXIII  the  same  as  £•  eoual  to  2.7 


and  Figure  XXXIV  the  same  as  /?  eoual  to  2.0. 

0C 


Another  set  of  curves  were  taken  with  the  gain  vs  error 
characteristic  adjusted  so  that  the  gain  for  zero  error  was 
at  the  value  needed  for  critical  damping  in  a  linear  system. 
Figures  XXXV,  XXXVI  and  XXXVII  show  some  of  these  gain  vs  er- 
or  curves  and  the  associated  transient  response.   In  all  cases 
the  system  had  overshoot  and  the  settling  time  was  about  the 
same  as  could  be  obtained  from  a  critically  damped  linear  sys- 
tem.  Actually  thii  response  was  not  as  good  as  a  linear  sys- 
tem with  critical  damping  because  the  linear  system  would  set- 
tle to  the  final  value  in  about  the  same  time  with  no  over- 
shoot . 

During  the  remainder  of  the  investigation,  the  gain  for 
zero  error  was  set  at  a  value  below  that  needed  for  critical 
damping  in  a  linear  system.   The  gain  vs  error  characteristic 
was  then  set  to  give  increased  gain  for  errors  greater  than 
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zero,  and  various  shapes  were  used  to  study  the  effect  on 
rise  time,  peak  overshoot,  and  settling  time.   The  effect  of 
non-linear  gain  on  all  of  these  was  found  to  be  sensitive  to 
the  magnitude  of  the  step  function  input.   In  many  cases,  the 
non-linear  gain  characteristic  was  found  to  have  an  adverse 
effect  on  the  system  response. 

Figures  XX  and  XXXVIII  through  XLII  are  all  gain  vs  er- 
ror characteristic  which  have  the  gain  at  zero  error  less  th 
that  needed  in  a  linear  system  for  critical  damping,   figure 
XX  has  a  characteristic  which  rises  almost  linearly  with  in- 
ert    eeror.   The  transient  response  for  this  characteris- 
tic shows  a  rapid  initial  acceleration  and  then  the  system 
does  damp  out  raoidly.   The  overshoot  present  is  very  small 
but  it  takes  considerable  time  for  this  overshoot  to  decay 
because  of  the  low  gain  at  the  error  corresponding  to  this 
overshoot.   This  particular  curve  has  a  settling  time  very 
close  to  that  of  a  linear,  critically  damped  system,  but 
has  a  faster  rise  time. 

Figures  XXXVIII,  IXL  and  XL  were  all  taken  with  the 
same  value  of  gain  at  zero  error,  but  the  value  of  error  at 
which  the  gain  started  to  increase  was  changed.   Figure 
XXXVIII  has  a  characteristic  which  begins  to  increase  at 
small  errors  and  conseauently  the  system  has  overshoot, 
caused  by  the  fact  that  the  system  gain  was  too  high  during 
most  of  the  transient  period.   Figure  IXL  h  s  a  gain  vs  error 
characteristic  which  does  no"G  start  to  rise  until  the  error 
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signal  is  somewhat  larger  than  it  was  in  the  previous  figure. 
The  system  still  has  some  overshoot.   The  next  figure  has  a 
characteristic  that  is  high  during  only  a  small  part  of  the 
transient  period,  and  has  no  overshoot  and  a  very  good  set- 
tling time  of  only  3*0  time  constants.   This  is  the  best 
achieved  so  far. 

Figure  XLI  shows  the  effect  of  changing  the  amplitude 
of  the  input  signal.   The  zero  error  gain  is  lower  than  th 
used  before,  but  the  increase  in  gain  for  increased  error  is 
more  abrupt.   The  settling  time,  in  general,  is  the  same 
that  for  an  overdamped  system  having  the  same  linear  gain  as 
this  system  has  for  zero  error.   .'hen  the  input  signal  was 
small,  very  little  effect  of  the  inc  easing  gain  characteris- 
tic was  noticed.  When  the  input  signal  was  large,  the  system 
operated  at  high  gain  during  too  much  of  the  transient  period 
and  had  considerable  overshoot  corresponding  to  this  higher 
average  gain.    len  the  input  was  1.0  volts,  the  correct  com- 
bination of  high  and  low  gain  was  achieved,  and  the  system 
settled  to  the  final  value  in  a  very  short  time,  2.2  time 
constants.   Figure  XLII  also  shows  the  effect  of  changing  sig- 
nal amplitude  on  a  fixed  gain  vs  error  characteristic.   The 
gain  for  zero  error  is  lower  than  any  previous  curve.   Due  to 
this  lower  gain,  the  system  had  a  very  long  settling  time  in 
general,  but  at  the  value  of  input  (1.0  volts)  which  gave  the 
right  combination  of  high  and  low  gain,  the  performance  dur- 
ing the  transient  period  was  very  good. 
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A  characteristic  common  to  all  of  the  gain  curves  which 
produced  improvements  in  performance  is  the  rapid  rise  in  the 
gain  characteristic,  and  that  the  gain  at  zero  error  was  much 
smaller  than  that  needed  for  critical  damping.   The  value  of 
error  at  which  the  gain  starts  to  increase  abruptly  is  depen- 
dent upon  the  value  of  the  input  signal  if  optimum  transient 
performance  is  to  be  obtained.   This  led  to  the  concept  of 
using  a  gain  vs  error  characteristic  which  was  very  low  for 
errors  below  some  finite  value,  and  then  increased  with  in- 
finite slope  to  some  high  value  for  error  larger  than  this 
value.   This  concept  was  studied  theoretical  and  experimentally 
and  the  results  are  detailed  in  later  paragraphs,  following 
some  general  discussion  defining  the  concept  of  improved  re- 
sponse. 

The  concept  of  improved  response  as  produced  by  the  non- 
linear amplifier  may  be  considered  from  two  points  of  view, 
that  of  faster  rise  due  to  the  high  gain  applied  initially, 
and  that  of  decreased  settling  time  due  to  increased  damping 
(decreased  gain)  as  the  error  reduces.   Iror  certain  amplitudes 
of  step  input,  the  rise  time  seems  to  be  the  greatest  improve- 
ment, but  this  is  misleading,  because  small  step  inputs  re- 
sult in  a  greatly  increased  rise  time.   For  a  linear  system, 
a  fast  rise  time  is  an  indication  of  the  steady  state  error 
and  velocity  error  of  the  system,  and  it  was  pointed  out  ear- 
lier that  the  low  gain  and  long  rise  time  required  for  good 
damping  would  result  in  large  steady  state  errors  and  velocity 
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lag  errors,  thus  rise  time  considerations  are  misleading  in 
judging  the  improved  transient  response  of  a  non-linear  sys- 
tem, since  the  rise  time  depends  on  the  magnitude  of  the  dis- 
turbance.  The  best  way  to  obtain  a  consistently  short  rise 
time  is  to  use  a  linear  high  gain  but  this  results  in  an  un- 
derdamped  system,  having  considerable  overshoot  and  oscilla- 
tions before  settling  to  the  final  value. 

On  the  other  hand,  if  settling  time  is  used  as  a  measure 
of  improved  performance,  certain  interesting  results  are  ob- 
tained.  In  general,  the  settling  time  of  a  system  using  non- 
linear gain  is  longer  than  for  an  underdamped  linear  syste  , 
approaching  as  an  upper  limit  the  settling  time  of  a  system 

ving  a  linear  gain  equal  to  the  zero  error  gain  of  the  non- 
linear system.   This  upper  limit  on  the  settling  time  is  ap- 
proached for  both  large  and  small  values  of  step  displacement 
inputs.   For  some  intermediate  value  of  step  input,  the  set- 
tling time  decreases  to  a  minimum  of  two  time  constants,  which 
is  considerably  better  than  can  be  obtained  with  a  linear  sys- 
tem of  the  same  complexity.   These  conditions  are  shown  to 
exist  in  Figure  XLII-d. 

It  is  therefore  obvious  that  system  response,  in  terms 
of  settling  time,  can  be  improved  by  a  non-linear  gain  charac- 
teristic providing  the  proper  combinations  of  conditions  can 
be  obtained.   The  following  paragraphs  develop  the  mathemati- 
cal theory  leading  to  a  definition  of  the  conditions  necessary 
for  optimum  settling  time  with  non-linear  gain. 
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The  experimental  results  1< d  to  the  conclusion  that  the 
optimum  system  performance  could  be  achieved  when  the  gain 
vs  error  characteristic  for  the  non-linear  system  was  ad- 
justed to  give  a  very  low  but  finite  value  of  gain  for  er- 
rors between  zero  and  some  finite  value,  then  increasing 
abruptly  for  errors  larger  than  this  value.   To  facilitate 
mathematical  study  of  this  characteristic,  a  gain  vs  error 
characteristic  which  had  a  gain  of  K2  for  errors  less  than 
some  value  8    ,  and  which  increased  with  infinite  slope  to 
some  value  K^  for  errors  larger  than  6   was  used.   This  charac- 
teristic is  shown  in  Figure  XXI.   The  effect  of  allowing  K2 
to  approach  zero  as  a  limit  was  studied,  and  the  effect  of 
allowing  K]_  to  approach  infinity  was  also  studied. 

The  system  having  the  gain  characteristic  shown  in  Fig- 
ure XXI  was  assumed  to  be  at  rest  and  to  have  a  step  dis- 
placement input  of  (>v)  Lt  time  equal  to  zero.   It  was  also  as- 
sumed that  K-|_  was  of  such  large  magnitude  that  the  linear 
system  with  this  amount  of  gain  would  be  underdamped.   That  is: 


The  differential  equation  of  the  system  under  this  con- 
dition is: 


(15) 


and  has  the  solution: 


Oo  =  ®j/-€~Cit^tS^uJtt-fcosup,t)j  (l6) 
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where:  cX  -  ^T  /3,  *  -  J* 

The  expression  for  the  output  velocity  at  any  time  is 
given  by: 

~   =  (h)€  B-   Sir?    us.t  (IS) 

It  is  now  necessary  to  find  the  value  of  4r-°  when  the  error 

dt 

has  reduced  to  6    ,  so  that  this  may  be  used  as  an  initial 
condition  for  the  system  response  when  the  gain  has  reduced 
to  K2.   This  value  of  the  velocity  will  be  designated  j0.o  . 
This  may  be  done  by  solving  the  equation  for: 

ee=  @-S   =  ®fl-€~*  (%  s'm   u>.t  +coscc,£JJ       (1Q) 

or: 

$   =    ®£         if-   S//7     cu,t    -hCOS   (£/.t) 

\  '  y         (20) 

to  find  the  time,  then  substituting  this  to  find  the  value  of 


^£o  at  this  time.   This  cannot  be  expressed  analytically  be- 
cause the  equation  for  0o  does  not  have  a  formal  solution. 
It  must  be  solved  by  some  method  such  as  a  graphical  solu- 
tion or  by  successive  approximations. 

If,  however,  we  assume  K^  is  so  large  that  the  velocity 
term  of  the  differential  equation  is  negligible  compared  to 
the  acceleration  term,  we  can  get  an  approximate  equation  of: 


-    ®/£X  (2i, 


e.  -       z 
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and: 

<**  (22) 


for  small  values  of  t.   Hence,  the  velocity  of  the  system 
when  the  error  has  reduced  to  $   can  be  approximated  by 


and  the  time  to  reach  this  position  is  given  by: 

(24) 


& 

to  find  the  equation  of  motion  for  the  system  after  the 
gain  has  reduced  to  K2,  it  is  most  convenient  to  shift  coordi- 

jes  such  that  the  system  is  now  considered  to  have  a  step 
displacement  input  of  S"  ,  and  the  system  has  an  initial  ve- 
locity 0-0    .t  time  eoual  zero.   It  will  be  assumed  that  the 
system  gain  K2  is  below  that  needed  in  a  linear  system  for 
critical  damping. 

The  equation  of  motion  is  then: 


a  -sf/-e~**fe  3'"h  r>t  +  cosh  *tjj+  —  e"** s>»/>  nt 


(25) 


where 

J 


*%-'*7*'*(g) 


This  can  also  be  expressed  as: 

S2, 


ee=  $/r$"*l f.'.X  s/*4  r*t  +cos/j  r*t) 

The  curves  of  this  eauatiort  are  very  similar  to  the  curves 
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obtained  in  Figure  XLII.   It  can  be  shown  that  this  tquation 
may  give  an  overshoot,  even  though  not  oscillatory  in  nature, 
depending  on  the  relative  magnitude  of  ~Cl0  . 

If  Y\2   is  allowed  to  approach  zero  as  a  limit,  then  00 
is  given  by: 


a 


si, 


/-€ 


2<*:t 


Z<*  L  J  (27) 


which  settles  to  -~  in  two  time  constants.   For  the  system 
to  come  to  correspondence,  it  is  necessary  that: 

0o*   —  --  S  (23) 

Thus,  the  time  during  which  the  system  is  at  high  gain  must 
be  such  that  when  the  error  has  r  educed  from  @  to  6   ,  the 
velocity,  fl0   ,  is  equal  to  /?#CS  .   .ith  a  fixed  6   and  a  given 
value  of  £3  ,  K]_  oust  be  adjusted  to  meet  this  condition,  if 
K-,  is  fixed  and  with  a  given  value  of  Q     ,  6    must  be  adjusted, 
or  if  K}_  and  S   are  fixed,  @  must  be  of  the  correct  magni- 
tude or  the  system  will  not  come  to  rest  at  the  desired 
position. 

If  K2  is  very  small,  the  effect  of  K2  is  not  appreciable 
on  the  position  which  the  system  will  tend  to  approach,  namely: 

0,-®^Qr-5  (29) 

but  will  effect  how  long  it  takes  the  system  to  change  from 
this  position  to  the  desired  position. 

If  K-j_  approaches  00   ,  then  for  a  given  value  of  B  ,  if 


-sa- 


(23) 

is  to  remain  finite,  (  (5>  -  8  )  oiuit  approach  zero,  which  is 
equivalent  to  an  infinite;  torque  operating  through  zero  dis- 
tance.  This  impulse  must  be  such  that 

-O-t,  '-  2<*  Q  (30) 

(if  K2  is  zero)  if  the  system  is  to  come  to  rest  at  the  de- 
sired final  value. 

.hen  the  characteristic  is  adjusted  to  have  K]_  large, 
but  finite,  and  K2  is  set  to  zero,  the  system  operates  es- 
sentially as  a  relay  servo.   The  value  of  8   is  indicative  of 
the  "dead  zone"  of  the  relay  servo. 

If  K2  is  not  zero,  but  is  small,  it  results  in  a  relay 
type  of  servo  that  has  the  advantage  over  a  conventional  re- 
lay servo  of  having  position  control  in  the  "dead  zone",  but 
operation  in  this  "dead  zone"  is  very  sluggish  due  to  the  lov/ 
gain  (high  damping). 

As  K2  is  allowed  to  approach  K-,  ,  the  system  approaches 
linear  operation.   The  effect  of  the  non-linear  gain  is  to 
give  a  system  which  has  characteristics  common  to  both  the 
linear  servo  and  the  relay  servo. 

The  fact  that  the  shape  of  the  gain  vs  error  curve  must 
be  different  for  each  different  value  of  step  disturbance 
applied  to  the  system  leads  to  some  interesting  developments 
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for  possible  use  of  non-linear  gain  characteristics  to  achieve 
a  system  which  has  a  settling  time  of  about  two  time  constants 
for  all  values  of  step  disturbance,  or  at  least  over  a  range 
of  values,  rather  than  being  restricted  to  only  one  valut 
was  the  case  in  this  investigation. 

The  factor  that  is  of  prime  importance  in  obtaining 
correspondence  in  a  minimum  time  is  that  the  velocity  must 
be  the  correct  magnitude  when  the  gain  is  reduced  in  order 
that  the  system  will  come  to  rest  at  the  desired  value.   The 
amount  of  the  velocity,  for  a  step  input,  was  shown  earlier 
to  be: 

&-•*«*  (3D 

if  K2  is  zero.   If  K2  is  not  zero,  the  value  of  velocity  to 
make  the  system  approach  the  desired  value  in  the  shortest 
time  may  be  found  from  a  solution  of  eouation  (26),  or  by 
experimentation.   This  leads  one  to  believe  that  there  may 
be  a  possible  gain  vs  error  characteristic  which  would  have 
a  very  low  value  of  gain  for  errors  less  than  a  fixed  value, 
S   ,  and  which  has  a  gain  vs  error  curve  for  errors  larger 
n  S  which  would  produce  the  desired  value  of  -00  .   at  the 
instant  that  the  error  had  been  reduced  to  S   ,  independent  of 
the  magnitude  of  the  step  disturbance  provided  only  that  this 
magnitude  was  greater  than  S  .   A  gain  vs  error  curve  of  this 
might  be  similar  to  the  one  shown  in  Figure  XXII. 

It  is  felt,  however,  that  this  approach  to  the  solution 
of  giving  an  improved  performance  over  a  wide  range  of  step 
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displacements  would  not  prove  practical  b' cause  of  two  fac- 
tors.  The  first  being  that  with  a  fixed  value  of  S    ,    the 
system  response  would  be  very  sluggish  for  disturbances  which 
had  an  amplitud-      than  S   .   If  S   is  made  small  to  reduce 
this  sluggish  region,  the  velocity  which  the  system  is  to 
tain  at  the  instant  the  error  had  been  r     d  to  &  would 
necessarily  be  relatively    11,  resulting  in  a  relatively 
long  time  for  the  system  output  to  change  from  the  value  of 
the  disturbance  to  the  value  S   ,  in  addition  to  the  two  time 
constants  recuired  to  come  to  rest  after  the  error  had  been 
reduced  to  S    . 

Another  method  of  control  which  probably  has  much 
greater  possibilities  in  attaining  a  system  with  improved 
performance  is  one  in  which  the  value  of  K^  is  fixed  at  some 
very  large  value,  and  have  the.  value  of  &   vary  to  control  the 
distance  which  would  be  required  to  bring  the  system  to  rest 
in  the  shortest  time  at  the  desired  value  after  the  gain  had 
been  reduced  to  zero.   This  would  result  in  a  system  which 
would  attain  a  relatively  high  velocity  as  soon  as  the  dis- 
turbance was  applied,  because  of  the  high  gain  initially  ap- 
plied, and  which  would  result  in  a  system  which  had  no  " 
zone"  and  which  would  give  a  settling  time  of  about  two  time 
constants,  with  no  overshoot,  for  any  value  of  disturbance. 

time  by  which  the  settling  time  differed  from  two  time 
constants  would  be  the  time  it  took  the  system  to  r-~ach  the 
ocity,  fl0   ,  which  would  be  a  function  of  the  value  of  the 
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disturbance  and  which  would  be  relatively  small  due  to  the 
very  high  value  of  gain  used  when  the  disturbance  was  first 
applied. 

This  method  of  control  would  be  such  that  the  velocity 
of  the  system  would  be  compared  against  the  error  of  the  sys- 
tem, and  if  the  velocity  was  less  than  2o>Lg   ,  the  system 
would  h..ve  high  gain.   h  ;ity  reached  a  value  of 

£<*>£   ,  the  system  would  turn  off.   If  at  the  time  that  the 
high  gain  was  turned  off,  a  velocity  feedback  was  turned  on, 
the  time  constant  of  the  system  would  be  very  greatly  reduced, 
It  is  not  desired  to  have  the  increased  damping  when  the  high 
gain  is  on  because  it  would  increase  the  acceleration  time  of 
the  system.   If  anything,  the  velocity  feedback  would  be  re- 
versed during  the  time  the  high  gain  was  on  to  reduce  the  ef- 
fect of  the  viscuous  friction  during  the  acceleration  time. 

A  block  diagram  of  this  proposed  system  is  shown  in 
Figure  XXIII,  and  a  phase  plane  diagram  of  the  system  operat- 
ing characteristics  is  shown  in  Figure  XXIV.   The  operation 
of  the  system  is  such  that  when  the  disturbance  is  first  ap- 
plied, the  high  gain  channel  is  turned  on.    len  the  velocity 
has  reached  a  value  such  that: 

~  r2<*^  (32) 

at 

the  high  gain  channel  is  turned  off  and  the  velocity  feed- 
back channel  is  turned  on.   The  switching  would  preferably  be 
accomplished  by  an  electronic  switching  circuit  to  avoid  the 
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time  delays  and  mechanical  difficulties  encountered  in  me- 
chanical relays.   The  exact  details  of  the  circuit  of  the 
comparing  and  switching  device  has  not  been  developed,  but  it 
is  not  felt  that  this  would  be  too  difficult  or  complicated. 
For  disturbances  which  are  not  step  functions,  the  rate 
of  change  of  error  should  more  properly  be  used  to  determine 
the  time  at  which  the  system  was  turned  off,  rather  than  the 
output  velocity.   This  could  be  accomplished  in  practice  very 
easily  by  installing  tachometers  on  both  the  input  and  out- 
put position  shafts,  and  taking  the  difference  of  thier  out- 
puts as  the  measure  of  the  rate  of  change  of  error,  provid- 
ing the  addition  of  the  tachometer  to  the  input  shaft  would 
not  overload  the  driving  source. 


-65- 


CONCLUSIONS 

It  has  been  concluded  that  non-linear  gain,  which  has  a 
characteristic  such  that  the  gain  increases  with  increased 
system  error,  can  produce  a  marked  effect  in  the  transient 
performance  of  the  system.   The  non-linear  gain  characteris- 
tic can  reduce  the  settling  time  from  a  minimum  of  about 
four  time  constants,  or  six  time  constants  if  the  system  is 
not  to  have  overshoot,  in  a  linear  system  to  an  optimum  of 
two  time  constants,  without  overshoot,  in  the  non-linear  sys- 
tem, providing  certain  conditions  can  be  met. 

These  conditions  are:  1)  that  the  gain  at  zero  error, 
K£,  must  be  well  below  that  needed  in  a  linear  system  for 
critically  damping;  2)  the  gain,  K^,  at  errors  larger  than 
some  value  of  error,  6    ,      ust  be  very  high  and  3)  the  step 
disturbance  must  be  the  correct  value  for  the  values  of  Kt, 
K2,  and  S   chosen. 

If  these  conditions  are  not  met,  the  effect  of  non- 
linear gain  is,  in  general,  detrimental  on  the  system  re- 
sponse.  The  resulting  effect  of  the  non-linear  gain  is  to 
give  a  system  which  has  a  response  that  combines  the  on-off 
characteristics  of  a  relay  servo  with  the  accurate  positioning 
(  limination  of  the  "dead  zone")  of  a  linear  system. 

It  has  been  proven,  theoretically  and  experimentally, 
that  a  gain  characteristic  which  gives  increased  gain  for 
increased  error  is  of  no  practical  value.   The  investigations 
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indicate  that  other  types  of  non-linear  gain  variation  may 
lead  to  a  system  which  has  improved  performance  over  a 
linear  system. 


-67- 


RECOMMENDATIONS  FOR  Fl  3TIGATI.N 

It  is  felt  that  the  method  of  controlling  the  value  of 
error  at  which  the  high  gain  of  the  system  was  reduced  to  a 
very  low,  or  zero,  value  offers  a  good  project  for  further 
investigation  of  non-linear  gain  characteristics  and  their 
effect  on  the  transient  response  of  a  servomechanism  system. 
A  more  detailed  description  of  this  method  was  given  on 
pages  62  to  64  an  I  further  discussion  will  not  be  repeated 
here. 

Another  method  which  shows  some  promise,  but  not     uch 
as  that  mentioned  above,  is  the  shaping  of  the  gain  charac- 
teristic curve  to  give  the  same  value  of  velocity  at  the  er- 
ror value  at  which  the  gain  is  reduced  to  a  low  value,  re- 
gardless of  the  amplitude  of  the  disturbance  as  long  as  the 
disturbance  was  larger  than  the  minimum  error  for  high  gain. 
This  was  also  discussed  earlier  on  pages  60  to  62. . 

The  introduction  of  a  derivative  damper  in  connection 
with  a  fixed  non-linear  gain  characteristic,  to  operate  on 
the  error  signal  either  before  or  after  the  non-linear  am- 
plifier, was  thought  to  be  able  to  produce  some  effect  on 
the  transient  behavior  of  the  system,  but  whether  it  would 
be  beneficial  is  not  known.  irther  investigations  along 
this  line  might  also  be  1  1       ited. 
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APPENDIX  A 

DESIGN  AND  CONSTRUCTION  OF 
THE  NON-LINE       IFIER 


The  diode  limiter  type  of  non-linear  circuit  was  chosen 
to  provide  the  gain  variation  with  signal  amplitude  because 
of  the  wide  range  of operating  characteristics  permitted  by 
the  adjustment  of  the  circuit  parameters.   The  circuit  used 
is  shown  in  Figure  IX. 

The  center  tap  of  the  bias  supply  is  tied  to  the  output 
terminal  of  the  circuit,  therefore  a  type  of  supply  had  to  be 
selected  that  would  float  with  the  output  and  not  introduce 

effective  load  on  the  circuit.   A  battery  seemed  to  be 
the  logical  choice  for  this  investigation,  since  it  has  no 
connection  to  any  outside  power  supply  or  ground,  but  an 
isolated  electronic  power  supply  could  be  used.   The  use  of 
the  direct  current  supply  to  the  laboratory  is  definitely 
not  permissible  due  to  circuit  interaction. 

The  choice  of  the  value  of  resistors  to  use  in  the  cir- 
cuit was  determined  by  two  restrictions;  1)  the  potentio- 
meters used  to  adjust  the  bias  voltage  to  the  diodes  had  to 
be  sufficiently  large  that  they  did  not  put  too  much  drain 
on  the  battery;  2)  these  same  potentiometers  had  to  be  snail 
compared  to  the  values  used  in  the  remainder  of  the  circuit 
so  that  changing  the  bias  voltage  to  the  diodes  did  not  up- 
set the  calibration  of  the  resistors  used  in  series  with  the 
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diodes.   The  latter  restriction  was  imposed  to  permit  cali- 
bration of  the  variable  resistors,  so  that  the  circuit  charac- 
teristics could  be  com]  uted,  rather  than  run  performance  curves 
for  each  adjustment.   The  value  for  each  potentiometer  was 
chosen  -.s  ten  thousand  ohms.   This  offered  a  resulting  load 
to  the  battery  of  five  thousand  ohms,  and  gave  a  drain  of 
forty  miliiamperes  of  th«  battery  if  a  20  volt  source  w 
used.   In  the  investigation,  a  22g  volt  battery  was  used  with 
a  variable  series  resistor  to  adjust  the  value  at  the  po- 
tentiometers to  20  volts.   This  permitted  calibrating  the 
potentiometers  directly  in  volts,  and  being  able  to  dupli- 
i  the  settings  readily. 

Since  the  resistance  of  the  potentiometers  was  to  be 
small  in  comparison  to  the  resistance  of  the  other  circuit 
parameters,  the  value  of  Ro  was  chosen  to  be  100  thousand 
ohms.   After  construction  was  completed  and  the  values  mea- 
sured on  a  bridge,  this  resistor  was  found  to  have  a  value  of 
#1.2  thousand  ohms. 

It  had  been  decided  that  a  change  in  the  gain  of  the  cir- 
cuit  should  be  on  the  order  of  at  least  five  or  six  to  one. 
Phis  lead  to  a  choice  for  R  of  about  ten  times  Ro,  or  one 
million  ohms.     surement  of  the  resistor  used  showed  it  to 
have  a  value  of  1.04  megohms. 

The  values  of  the  variable  resistors  in  series  with  the 
diodes  had  to  be  such  that  the  parallel  resistance  of  these 
with  R  could  be  changed  uniformly  down  to  a  very  small  value. 
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The  net  result  of  the  diodes  and  variable  resistors  is  that 
it  gives  a  circuit  which  has  a  signal  applied  to  a  fixed  re- 
sistor and  a  variable  resistance  in  series,  with  the  output 
being  the  value  of  voltage  across  the  fixed  resistor.   The 
magnitude  of  the  variable  resistor  is  a  function  of  the  ap- 
plied voltage. 

The  operation  of  the  non-linear  circuit  is  typified  by 
the  curve  of  output  vs  input  shown  in  Figure  XXV .   In  the  re- 
gion between  0  and  A  on  the  curve,  all  diodes  are  non-con- 
ducting because  of  the  bias  applied  to  them.   The  slope  of 
the  curve  between  these  two  points  is  then  equal  to: 

~R^K~  (33) 

where  Ro  includes  the  effect  of  the  input  impedance  of  the 
following  stage.   The  output  impedance  of  the  preceding  stage 
should  also  be  taken  into  account,  but  it  will  be  assumed 
that  this  is  negligible.   This  assumption  will  be  shewn  to 
be  true  It  r . 

Then  the  voltage  across  a,  or  the  difference  between 
the  input  and  the  output  voltages,  increases  until  it  is 
equal  to  Ea,  the  first  diode  begins  to  conduct,  reducing 
the  resistance  R  to  a  value  which  is  the  parallel  resistance 
of  R  and    .   Thus,  the  slope  of  the  section  of  the  curve  be- 
tween A  and  B  is: 

g^+R*  (34) 
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Similarly,  when  the  voltage  across        bween  Eg  and 
the  slope  of  the  curve  is:     /f0 


*/e 


«+&  +  A 


Between  C  and  D  the  slope  is: 


i+A+k^V*°  (36) 

and  beyond  D,  the  slope  is: 

/ 

fi+&  +& *i  *  *  (") 

The  gain  for  this  circuit  is  then  found  by  dividing  the 
output  voltage  by  the  corresponding  value  of  input  voltage. 
The  output  vs  input  curve  and  the  gain  vs  input  curve  for 
the  circuit,  with  the  circuit  values  as  listed  below,  are 
shown  in  Figures  XXVI  and  XXVII  respectively.   The  input 
impedance  of  the  stage  following  the  non-linear  circuit  w 
taken  to  be  one  megohm,  giving  an  effective  Ro  of  75  thous- 
and ohms . 

Circuit  Values 

1.0  Megohm  EA  1  volt 

Rg  0.5  Megohm  Eg  3  volts 

Rc  0.2  Megohm  EQ  5  volts 

Rq  0.1  Megohm  Eq  £  volts 

The  overall  system  gain  is  found  by  multiplying  the  gain  of 

all  circuits  exclusive  of  the  non-linear  circuit  by  the  gain 

of  the  non-linear  circuit...   The  gain  of  the  other  circuits 
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are  linear  within  the  range  of  voltages  used,  and  are  repre- 
sented by  a  constant  numerical  value. 

At  the  time  that  the  non-linear  circuit  was  built,  it 
considered  necessary  that  there  be  a  preamplifier  be- 
tween the  non-linear  circuit  and  the  error  detector.   The  er- 
ror detector  was  to  be  d.c,  therefore  a  d.c.  amplifier  was 

igned  and  incorporated  into  the  same  chassis.   The  re- 
ouirements  of  the  preamplifier  were  that  it  have  an  overall 

.n  of  about  ten,  that  it  present  a  negligible  source  im- 
pedance to  the  non-linear  circuit,  and  that  it  have  minimum 
drift.   A  Miller  circuit  was  used  as  the  in>:<ut  stage  of  ti 
d.c.  amplifier  to  minimize  the  drift.   This  stage  was  found 
to  have  a  gain  of  about  three  and  one  half.   An  additional 
stage  of  gain  was  added  to  meet  the  gain  reauirements  and  a 

\ode  follower  was  ~dded  as  the  last  stage  to  give  a  low 
output  impedance  for  the  amplifier.   The  d.c.  amplifier  cir- 
cuit is  shown  in  Figure  VIII. 

If  the  system  had  been  originally  designed  to  use  an  a.c. 
error  detector,  the  preamplifier  could  more  easily  have  been 
an  a.c.  amplifier  added  before  the  chopper  circuit,  instead 
of  using  the  d.c.  amplifier  that  was  actually  used.   This 
would  have  done  away  with  the  more  inherent  difficulties 
found  in  d.c.  amplifiers,  namely,  direct  coupling  and  drift. 
Since  the  d.c.  amplifier  was  built  before  it  was  found  neces- 
sary to  introduce  the  synchro  error  detector,  it  was  left  in 
the  circuit  when  the  conversion  was  mo.de,  i         n   build 
additional  a.c.  amplifier. 
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'ENDIX  B 
RESULTS  OF  TESTS 

The  information  contained  in  this  appendix  is  the  re- 
sults of  the  tests  made  on  the  analog  computer,  for  the  cir- 
cuit shown  in  Figure  XVII.   Figures  XXVII  through  XXXI 
the  results  of  tests  with  linear  gain  employed,  and  the  in- 
formation is  Included  as  a  basis  of  comparison  for  the  ef- 
fect of  non-linear  gain.   The  discontinuities  in  the  set- 
tling time  vs  gain  curve  in  Figure  XXXI  are  due  to  the  man- 
ner in  which  the  settling  time  was  defined.   The  first  sec- 
tion of  the  curve  is  for  the  system  in  either  the  overdamped 
condition,  or  very  slightly  underdamped  with  the  peak  over- 
shoot less  than  two  percent.   At  the  value  of  gain  for  which 
the  first  overshoot  exceeds  two  percent,  there  is  an  abrupt 
increase  in  settling  time.   Similarly,  as* the  number  of  over- 
shoots und  undershoots  inc    its,  there  will  be  a  discon- 
tinuity in  the  settling  time,  the  amount  of  such  discon- 
tinuity decreasing  as  the  number  of  overshoots  and  under- 
shoots increases. 

Figures  XXXII  through  XLI  show  the  curves  of  gain  vs 
error  and  the  transient  response  of  the  system  under  such 
gain  characteristics. 
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TABLE  OF  RISE  TIME,  SETTLING  TIME  AND  PERCENT 
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